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Exact Controllability of the Distributed System Governed by the 

Wave Equation with Memory 


Igor Romanov 0il Alexey Shamaev[§0 

Abstract 

We will consider exact controllability of the distributed system governed by the wave equation 
with memory. It will be proved that this mechanical system can be driven to the null state in finite 
time, the absolute value of the distributed control function being bounded. In this case the memory 
kernel is a linear combination of exponentials. 
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1 Introduction 

In this article we will consider the problem of exact controllability of a system governed by integro- 
differential equation 

t 

6tt{t,x) — K{0)A9{t,x) — JK'{t — s)A9{s,x)ds = u{t,x), x G fl, t > 0. (1) 

0 

S\t=o =‘Poix), 9t\t=o = <pi{x), (2) 

e\dn = 0, (3) 

here 

N 

Kit) = E 

where Cj, 7 ^ are given positive constant numbers, u(t,x) is a control supported (in x) on a bounded 
domain Vl and \u{t,x)\ ^ M, M > 0 is a given constant number. The goal of the control is to drive this 
mechanical system to the null state in finite time. We say that system is controllable when for every initial 
conditions Pi "we can find a control u such that the corresponding solution 9(t,x) of the problem 
o-© and its first derivative with respect to t 0t{t, x) achieve zero at t = T. 

Similar problems for membranes and plates were studied earlier in [1]. There was proved that vi¬ 
brations of these mechanical systems can be driven to rest by applying bounded (in absolute value) and 
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volume-distributed control functions. The existence of a bounded (in absolute value) boundary control 
that drives a string to rest was proved in [2]. In this case the so-called moment problem was effectively 
applied. An overview of the results concerning the boundary controllability of distributed systems can 
be found in [3]. Problems of controllability of systems similar to CD were considered in [4]. There was 
formulated the condition under wich a solution to the heat equation with memory can not be driven to 
rest in a finite time. This condition is there are roots of some analytic function of complex variable in 
the domain of holomorphism. 

Problems similar to CD-© for integrodifferential equations were studied earlier in many articles. 
Equation o was firstly derivated in [5]. The solvability and asymptotic behavior for abstract equation of 
this type were investigated for example in m, H- In [5] was proved that the energy for some dissipative 
system decays polynomially when the memory kernel decays exponentially. Problems of solvability of 
system ©-© were considered in [9]. There was proved that the solution belongs to some Sobolev 
space on the semi-axis (in t) when the kernel K{t) is the series of exponentials, each exponential function 
tending to zero when t —> -|-oo. The explicit formulas for the solution of 0-© were obtained in m- 
In this case kernel K{t) is also the series of decreasing exponentials. It follows from these formulas that 
solutions tend to zero when t —>■ -|-oo. In all these articles kernels in integral summands of the equation 
are suggested to be noneincreasing. 

In this article we consider the so-called ’’null controllability”. Besides we would like to mention 
controllability to rest. We say that the system in 0-© is controllable to rest if for every initial 
conditions ifo and ipi, it is possible find a control u{t,x) and a time T > 0 such that u{t,x) is equal to 
zero for any t > T and the corresponding solution 9{t,x,u) of problem ©-© equals zero for any t > T 
too. Null controllability and controllability to rest are not the same for systems with memory. In many 
cases controllability to rest is impossible. Let us consider for example the one-dimensional case (fl is an 
interval (0, tt)). We prove now that the system ([T]) is uncontrollable to rest if u{t, x) S ^([0, oo), ^ 2 ( 0 , tt)) 
is supported (in x), as well as in [3], on an interval [a,b] which is properly contained in [0,7r]. It means 
that u{t,x) = 0 outside [a, 5]. It is clear that the equation ([T]) can be written in the following form 




/ t \ 

9t{t,x) — J K{t — s)9xx{s,x)ds — J u(s,x)ds| = 0. 


Obviously function 9{t, x) is a solution of the equation ([T]) if and only if this function is a solution of 
the following equation 


9t{t,x) 


t 

j K{t- s)9xx{s,x)ds 
0 


Z 

J u{s,x)ds = f{x), 


where f{x) is an arbitrary function. Let t in (j4|) is equal to zero then we obtain 


( 4 ) 


Let (pi{x) = 0. We introduce 


fix) = ^lix). 


P{t,x)= / u{s,x)ds. 
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Thus the problem |T])—([3|) reduces to the problem 

t 

9t{t,x) — J K{t — s)9xx{s,x)ds = P{t,x), xS( 0 ; 7 r), t > 0 . (5) 

0 

S\t=Q = ^o{x), ( 6 ) 

0U=o = 0, 9\x=^ = 0. (7) 

Note that P{t,x) = 0 outside [a,b] and P{t,x) can be considered as a new control function. It is the 
problem considered in [3] (in more general case). If K (t) is a linear combination of two exponentials then 
the system ([5]) — ([7]) is uncontrollable to rest. It means that there is initial condition (pQ such that for 
any control P{t,x), where P{t,x) belongs to the corresponding space, the solution of ([5])—(O can not be 
driven to rest. 

Using arguments similar to the above it can be proved that the system (HD-© is uncontrollable to 
rest if K{t) is a linear combination of N exponentials, where N ^ 2. 


2 Preliminaries 


Let A := —A be an operator acting on a space D{A) := fl i7o(U), U C i?® (s G N) is a 

bounded domain with a smooth boundary. Let also be a corresponding orthonormal system 

of eigenfunctions and {ctn}n=i are corresponding eigenvalues such as Aijjnix) + a\tpn{x) = 0 . 

We denote IU|.^(i?+,A) the linear space of functions / : i?+ = (0,+oo) —>■ D{A) equipped with the 
norm 


ll^ll 


Wl(R+,A) 


/ +00 

(/'■“”( 


\ 0 



L 2 (n) 


Pd(t)ll 


i 2 (n) 


dt 


7 > 0. 


For more details about {R +, ^4) see chapter 1 of the monograph [TT] . 

Definition 1 . A function 9{t,x) is called a strong solution of the problem (IT|)—([SD if for some 7 > 0 
this function belongs to the space IU|.^(i?+, A), satisfies the equation ([T|) nearly everywhere (in t) on the 
positive semiaxis R+ and satisfies the initial conditions ([5]). 

Let us denote a function of complex variable A 


ln{X) := X^+alXk{X), 


where 


N 

K{X) = Y, 




Ck 

7fc(-^ + 7fc)' 


Now we formulate two theorems (see [TU]) which are dedicated to correct solvability of the initial 
boundary-value problem ([T])—([SD. 

Theorem 1. Let u{t,x) = 0 when t G R+, the function 9{t,x) G IU|..y(i?+, A), 7 > 0, is a strong 
solution of the problem ([T])—([SD, then for any t G R+ the following representation is obtained: 


9{t, x) 


1 {<fln + X+(pon)ektijj^(^x) 

~ki in\xt) 


1 {‘Pin + X^ipon)e^^*lj’n{x) ^ 

k^hl l^n\Xn) 
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. oo / N—1 / X f'' 

1 X ' / X ^ (V^ln Qk.n^On)^ 


n—1 


EE 


i’nix), 


( 8 ) 


>fe=l lh\ <lk,n) / 

where —qk,n are real zeros of the function Zn,(A) {qk,n > 0 ), is a pair of complex conjugate zeros and 
the series (HI) converges in the norm of the space L 2 {^). 

Theorem 2. Let u{t,x) G (^([O, T], L 2 (f^)) for any T > 0, 9{t,x) G A) is a strong solution 

of the problem CD-® for some 7 > 0, (/jq = = 0. Then for any t G R+ the following representation 

is obtained: 

^ CXD ^ CX) 

S{t, x) = ^ Xt)i’n{x) + -J= ^ \~)'lpn{x) + 

V ^—1 V n—1 


00 /N — 1 


where 




f Un(s)e^^*~^^ds 




(9) 




Un{t) = ^ J u{t,x)i}n{x)dx 


and the series m converges in the norm of the space L 2 {^). 
The following lemma should be stated. 

Lemma 1. For any natural number n the equality holds 

1 1 -^-1 

E 


('n \'^n J I'n \^n ) k—1 \ Hk^nj 


= 0 . 


Proof. We shall deal with the solution of the problem 0 -® in the case of = ipi = 0. According to 
the theorem 2 this solution has the form of ([9|), u{t, x) being arbitrary and satisfying theorem conditions. 
Taking partial derivative of 0(t,x) with respect to t we obtain 


d9{t, x) 


dt 


E 


N-l 




^ + 1 : 


Un(t)f^n(x) + 


.j C.^-J ^ 

H y ] Xfu}n{t, )‘lpn{x) H - 1 = y ^ A„ UJn(t, A„ )'f’n{x) + 

V 27 r V 27 r 


1 


00 /N — 1 


+ E ( E i-dk,n)uJn{t, -qk,n) 1 f^nix). 

^ n—1 \ k—1 / 

Since 9t{t^x)\t=o = 0 then for any natural number n from (fTOl) arises 


1 


+ 


1 


‘n \^n ) I'TI \^n ) k=l \ qk,n) 


N-l 

E 


.( 0 ) = 0 . 


( 10 ) 


( 11 ) 


By virtue of the fact that u{t,x) is arbitrary, it is chosen in such a way that all its Fourier coefficients 
Unit) with respect to t = 0 are nonzero. Thus, dividing by u„(0) the equation ([7]), we obtain the required 
statement. Lemma is proved. □ 
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Let us consider the space Ip of sequences {c„}„^ such that the series 

+ 00 


El 

n—l 


12 ^2/3 


converges. Then we define the space 

D{A^) = I f{x) = ^ fnipnix) : {c„}+“ €lp\ . 


+ 00 


3 The main results 

It is the following theorem, which presents the main resnlt of the article. 

Theorem 3 Let (fo & and tpi G D{A^), where /I > |, M > 0 is a certain constant. Then, 

there are, depending on the value M, control u{t,x) G C'([0,T] x ^l) and the time T > 0, such that the 
solution of the problem (1)—(3) has the equalities 


and the restriction 


for any t G (0,T], a; G is done. 


eiT,x) = e'{T,x) = o, 

\u{t, a:)| < M, 


( 12 ) 


Proof. Let u{t, x) be the function, satisfying the theorem conditions, T is some instant of time. According 
to the theorems 1 and 2, the solution of the task O”© could be represented as ([8|) and ®. Hence we 
obtain 

1 (i^ln + A+(/50n)e^"Vn(a^) , 1 {'Pin + K P0n)e^’^*^n{x) 


n—l 








f {pin — qk,nP0n)e ^ i t \ ^ 

E E - 7 T) 7 —^+ Tir E 

n=l k=l \ In { qk,n) ) V ZtI 


lkk\\n) 


f Un{s)e^i^* 




-'lfn{x) + 


E 


f Un{s)e^’'^* ^'>ds 


CXD A^—1 


y^^l lk"\Xn) 




n—l k—1 


V 


/ Un{s)e-i>‘’At-s)fig 
0 

V Hk,n) 


\ 


lfn{x). (13) 


Therefore 


dQ{t,x) 1 ^ X+{pin + XtP 0 n)e^i*lpn{x) 

■ 


dt 




ikk\xt) 




A„ {pin + A„ V„(a:) 

y{Xn) 


1 X ^ X ^ / ( Qfc,n)(v^ln ^fc,nV^0n)^ Qk,n 


y/2^ 


EE 

n=l /c=l 


/(!)/_ A 
V Hk,n) 


'tpn{x) + 
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I 1 


1 1 
+ 


l^u\Xu) lk"\-qn) 


Unit)'4’nix) + 




E 




ik^\xt) 


- oo A^ —1 


1 


A„/M„(s)eZ(* '*)ds 


lk"\Xn) 

A 


-'(/'n(a:)+ 


{-qk,n) f Un(s)e 

° V’n(a;). 


V 


'1 

I, Hk,n) 


( 14 ) 


/ 


Note that the fourth summand in d is equal to zero, see lemma 1. Using conditions m and 
formulas d, d we obtain 


{^ln + X+<fOn)e^^'^ (<Pln + A„(pOn)e 


KT 


ii^\xt) 


/A (An) 


N-1 

E 


(^In ^fc,n^0n)^ 


— qk,nT 


k=l ( qk,n) 


We introduce 


f ^'>ds J Un(s)e^^''^ ^'>ds 

0 , 0 


ii^\xt) 


lk^\Xn) 


+ 


N-1 f Un(s)e 


/U)/ „ \ 

fc=l ‘■n t qk,n) 


-, n = l,2,..., 


Xti^Pln + A+V30n)e^"^ A„ {(pin + A„ (/30n)e 


KT 


\+ 
in 

N-1 

-E 


ZA(An) 

( qk,n){Pln qk.nPlin)^ (lk,n 


k^l 


7 ( 1 )/ A 

V Hk,n) 

A+ / u„(s)e'^" X~ f M„(s)e'^" 

0 


/A(A+) 


ZA(An) 


N-1 (-qk,n) f Un(s)e ®)ds 




/(l)/_ A 
V Hk,n) 


n = 1,2,... 


an = -{pin + X^pon), dn = -{Pln + X~pon), 

bk,n = -{pin + {-qk,n)pOn), fc = 1, 2, ..., N-1. 
Let set equal coefficients preceding 


1 


1 


1 


li^\X+)' ll'^{Xn)‘ lll>{-qk,n) 


;(!)/ 


k = 1,2,...,N-1. 


(15) 


(16) 
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in the right and left parts of equations (dSl), dm). Thus a new moments problem occurs: 


1 1 


s = , n = l,2,..., 


1 

J fc = 1, 2,..., iV — 1, n = l,2,... 


( 17 ) 


Obviously if moments problem (HZl is solvable then moments problem (USD, (USD is solvable too. 
Elimination of common factors in both parts (HID allows to represent this system as follows 

T T 

I ^ ^ ^ 


1 

y u„(s)e'^'“'"®ds = fc = l,2,...,iV-1, n = l,2,... . 


(18) 


Let us replace — A+ = A„ and — A„ = A„ in dUD. Notice that ReXn > 0 and qk^n > 0 (see [6]). Finally 
we obtain the system of N moments for each natural number n: 




^(s)e ds — cin-} ^ 


0 

T 


J Un{s)e'^'‘''''‘ds = bk,n, k = 1,2, ...,N - 1, n = l,2,... . 


(19) 


The solution of (fT^ is sought in the following form: 


_ N-l 

Un{s) = ^ n = 1, 2,... 


( 20 ) 


i=i 

Set C-i^n C'o.n and Ck,n as some unknown constants. Substituting (1^ in (|TOD . we get the system of 
+ 1 algebraic equations for each natural number n: 


C-i, 


„2A, 


^ N — 1 

^ds + Co,„ / + V Ck,n f = 




C_i „ / + C( 


0,n 


.2An 


'ds 


N-l 




5(A„+gfc,„)s^g = 


N-l 


C-i,n j e(^"+«'“'”)*ds+Co.„y „ j = 6fc,„, fc = 1,2,..., iV-1. (21) 

n n 1=1 n 
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Let us find the determinant A„ of the problem (f?!]) . 


= 


As far as 


T 

0 


ds 

0 

Je(?l,n+A„)s^g 


0 

Jg(91,n + A„)s^g 


Jg(A„+9i,„)s^g 

0 

Jg(A„+9i,„)o^g 

0 

0 


T 1—1 

Jg(lN-l,n+^n)s^g Jg(9W-l,n + A„)s^g J g(9iV-l.„ + 91.r.)s^g 

0 


3(9.,n+9.,n)«^g = 


1 


:.(<?i,n+gi,n)T _ 


... 

0 

T _ 

... 

0 

T 

... Jg('Jl,n+'?iV-l.„)orfg 
0 

T 

Je29iV-l.„srfs 

0 

1 


Qi,n “t“ Q.j,n 


I 7 

Qi,n “r Qj.,n 


then using the equality (I22p and well known property of determinants 


( 22 ) 


ail 

ai2 

• Q-Iti 


ail 

012 

• O^ln 

021 

0.22 

a2n 


Ci21 

022 

• CL2n 

bn + Cii 

bi2 + Ci2 

• bin C-in 

= 

bil 

bi2 

• bin 

Onl 

a„2 

• Q-nn 


CLnl 

On2 

• Q-nn 


ail 

012 

• • Q-ln 

021 

022 

■ • Oj2n 

Cil 

Ci2 

■ • Cin 


(23) 


Q-nl Cl7i,2 • • • O'nn 


we obtain that 


A 


n 


^2A„T 

e(An+An)T 

e(An+<Il,n)T 

e(A. 

a+QAT-l.n)^ 

2An 

An + An 

An+iJl,Ti 

A 

re+<lN-l,n 

j,(An + AT.)T 

e^AnT 

g(-^n+gi,n)^ 

e<A. 

a + gAr-i,n)^ 

A„ + An 

2\n 

An+iJl,n 

A 

re+9N-l,n 

g(<Il.n+An)T 

gCsi.n+AnlT 


^(91, 

n+'iN 

91,n-|-A„ 

lljn + An 

2lJl,n 

gi 

,n+9iV-l,n 

^(lN-l,n+>'rv)T 

g (g iV — 1, Ti + •''TT') ^ 

g(9W-l,n + 91,ii)'r 

e 

2gAr-l,Ti'^ 

<lN-l,n + >-n 

9iV —l,n + An 

Q'N‘-l,n+<Jl,n 


2qN-l,n 


+ ^n(r), 


(24) 


where Pn{T) is a sum of all other determinants, which are the result of A + 1-fold application of the 
property (0^ to the each row of the determinant A„. 

Let us factor out from the first row of the determinant in the right part of (IMl) . and then take 
out the same factor from the first column, now the similar action can be made for the second row and 
column with the factor and so on. 






























Thus we get that 


A„ = n 


Denote 


2An 

An + An 

An+91,n 

A„+|JJV-1,„ 

1 

1 

1 

1 

An+An 

2An 

An+<Jl,n 

An+9iV-l,n 

1 

1 

1 

1 

'Il.n+An 

9l,n + An 

291,Ti 

Ql.n+QN-l.n 

1 

1 

1 

1 

iJW-l.n + An 

9iV-l,n + An 

9N-l,ra+i31,n 

2qN^l^ri 


1 

|(M 

An+An 

An+91,n 

A„+Ijjv-I,n 

1 

1 

1 

1 

An+An 

2An 

An+91,n 

An+9iV —l,n 

1 

1 

1 

1 

'Il,n+An 

IVn + An 

291,n 

Ql.n+QN-l.n 

1 

1 

1 

1 

iJW-l.n+An 

9iV-l,n + An 

9Af-l,n+9l,n 

25jv-l,n 


A„ = n A„ + H e-"«^-"^/3„(r) 


In virtue of the dehnition of /3„(r), the following fact takes place: 


■/3n(T). (25) 


„-2A„T -2A„T TT „-2q^,„T 


l3n{T) —>-0, T —>■ +00. 


Let us represent the determinant A„ in following form 


1 

2^1,n 

1 

92,n+9l,' 


1 _ 1 

9l,n+92,n ' ' ' 9l,n+9Ar-l,i 

1 _ 1 

292,n '** 92,n+9Ar-l,i 


{2ReXn 


_1_ _ 1 

<IN-l,n+<Il,n <IN-l,n+q2,i 


where A„ is the sum of all other determinants, occurred after the decomposition. Notice that there is A 
or in all summands in denominator after the expansion of these determinants, i.e. |A„| ~ pi^- 
Let us make the following notation 


1 

1 

92,n+91,i 


1 _ 1 

<Il,n+<I2,n ■ ■ ■ <Il,n+<IN-l,n 

1 _ 1 

2iI2,n ■ ■ ■ ‘I2,n+<IN-l,n 


1 1 

I 'IiV-l,n+91,n 9iV-l,n+92,n ’ ' ' : 

Pn is the Cauchy determinant. It is a well known fact that 

n {Qi,n ~ Qj,n) 
p _ N-l>i>j>l _ 

” “ N-1 

n (ft.n + 9j,n) 

i,j=i 


9 


S to 



As far as qi,m * = 1)2,A* — 1 are pairwise different for any n (see [6]), then is nonzero. 
Hence, 


i=i 

N-l 


N-1 


(2i?eA„) 


rPn + A„ + e 


-2A„T^-2A„T 




i=i 




{2Re\nf 
Let us denote 


, \ Pn Pn , 

J = 1 \ J = 1 


A„ = 


{2ReXr. 


-A„, ^„(r) = 


{2Re\r. 


N-l 


g-2A„Tg-2A„T JJ- e-29i."'r^^(T). 


i=l 


It leads to the following: 

A„, = 


N-l 


{2ReXr 


^Pr,e 


2A„T 


g2A„T 


(27) 


f=l 


Notice that |A„| ^ /3n(T’) 0 if T —>• +oo, the sequence of the modules of complex roots {|A„|} 

tends to +oo if n —>■ +oo, but the sequence of real numbers {qk,n}^=i converges to some positive number 
qkj actually qk,n = qk + 0{n~^) (see [H]). Thus due to the asymptotic properties of A„ and qk,n there is 
T such that all determinants A„ are nonzero for any natural index n. 

Let us determine Ao,n by the formula: 


A_i^„ — 


Jg(A„ + A„)s^^ /e(A"+'*i>")"ds 


0 

T 


bi, 


Jg2A„s^g Jg(A„+9i,„).^g 


Jg(91,n+A„>^g Jg29i,„a^5 


6jv- 


1,71 




T 

/ 

0 0 
Set likewise where A: — 0,1, 2,— 1: 


|g(An+giV-l,n)s^5 

0 

T _ 

J gPn+gN-l,r.)s^g 

0 

T 

Jg(91.„+9iV-l.„)S(;g 


jg2W-l,„»rfg 

0 


A t. _ rj, — 




f eA"+^")“ds 
0 
T 

Jg(91,n+A„)s^g 




jg(W-l.„+A„>^g ... &JV-1,. 


jg(A„+gw_i,„)s^g 

0 

T _ 

Jg{A„+9w_i.„)s^g 

0 

T 

/g('*l."+'*w-l.")®ds 

0 

Jg2w-i,„)>^g 


where the column {a„, On, &i,n, •.., &Af-i,n} takes the fc-th place. 
Applying the Cramer’s rule, we obtain: 


C_i,„ = 


^-1,' 


C'o.n — 


iO,n 


, = 


k = 1,2,..., AT- 1. 
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Thus the solution of dm) in the instant of time t has the following form: 


Unit) = 


A, 


0,n x^t 
’ e ^ 


N-l 

E 


A 


k.n 


A. 


,<lk,nt 


Let A„ = jjin — Wn- The article [6] proves, that /i„, > 0 for any natural index n. The estimation of 

modulus of the function for any natural n should be provided. So we have 


\Unit)\ ^ 


|^-l,ra| 

|A„| 


I Ap.ral u„T 
|A„| 


N-l 


+ E 


|Afc,7i| ^ „r 

|A„| 


(28) 


Calculating determinants A_i_„, Ao,„, Afe_„, fc = 1, 2,A — 1, it is clear that the part of summands 
consists of the different exponential product. Notice that the exponential product with the largest number 
of factors in the determinant A_i_„ has the form 


2Qi jyT 2Q2 ■n'T' ‘^QN— 1 n'^ ^ 2Qi -nT 2Q2 n,^ “^QN — I n'^ 

g n g yi,n g . . . g ‘iA i,n qj. e 6 6 ^ ’ 6 ^ ’ • • • C ^ ’ 


or e 


A„T 2A„T 2gi,„T 252,nT _ _ _ pQj.nT _ _ _ 2(jAr-i,nT 


Similarly for Ao^n- And in Afc_„: 

gA„Tg2A„Tg2qi,„Tg2g2,nT . . . ggfc.„T . . . g 29 w-i,nT g 2 A„TgA„Tg 29 i,„Tg 2 g 2 ,nT . . . ggfc.„T . . . g 29 w-i,nT 


or or 

g2A„Tg2A„Tg29i,„Tg2,2,„T . . . gg.,„T . . . gg,,„T . . . g2g^_i,„T^ ^ ^ 

Thus, there is at least one exponent with positive index in the denominator of all summands in the 
right part of the estimation (1^51) . It means that it is possible to make the modulus of the function u„(t), 
and hence of the control u(t), be indefinitely small by means of increasing time control. Using ([27)l . we 
obtain 


\unit)\ ^^ -e'^-^dA.i.^l + |Ao.„|)+ 

|Pn|e 4 /^-^ n e 29 .-."^(l-|A„|-|; 9 „(r)|) 

j=i 

N — 1 A ^ I /\ I 

+ ^ ^ t e [0,T] (29) 

|p„|e 4 ;..T Yl (1 - |A„| - |^„(r)|) 

1=1 

Now it is obvious, that 

OO 

n—1 

Using (1^ and (1^ let us prove that there is the time required to stabilize the system, providing that 
the function M(t, x) satishes the condition 


\u{t,x)\ < M, 


(31) 
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where M is an arbitrary constant. 

As far as the sequences of real numbers {nn}, {^'n}, {%,«} are such that Hn = lJi + 0{n~^), Vn = Dn 
and qk^n = + 0{n~^), where /i, Z?, qk are some positive numbers (see [6]), and moreover the sequences 

{|a„|}, {|6fe,n|}, {|A„|} tend to zero, then the following estimate takes place 


\u{t,x)\ ^ 


gCiJ 


N-1 


'^0?n lUnp + IUnP 


\ ^ 






\ n=l 


(32) 


where c, ci are some constants. It is a well known fact that 


^ const if 2/3 > s. 

n—1 

Moreover 

oo „ oo « 

II = / (^'^'^Vo(a:))^ dx, II = J {A^ipi{x)f dx. 

"=i n ”=i n 

The latter series converge if G ^ 2 (^ 1 ) and A^ipi{x) £ L 2 (fi) then it must be ipoi^) £ T>(A^+^) 

and ‘pi(x) £ D(A^). But in the theorem statement these conditions were exactly imposed on the initial 
data. 

Thus we obtain 

lu(i,x)l ^^ M, (33) 

where ci, C 2 are some constants, and T is great enough. 

□ 
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